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The synchronization of the motion of microresonators has attracted considerable attention. Here we present
theoretical methods to synchronize the chaotic motion of two optical cavity modes in an optomechanical system,
in which one of the optical modes is strongly driven into chaotic motion and is coupled to another weakly-
driven optical mode mediated by a mechanical resonator. In these optomechanical systems, we can obtain
both complete and phase synchronization of the optical cavity modes in chaotic motion, starting from different
initial states. We find that complete synchronization of chaos can be achieved in two identical cavity modes.
In the strong-coupling small-detuning regime, we also produce phase synchronization of chaos between two
nonidentical cavity modes.
I. INTRODUCTION
The synchronization of oscillators is a universal concept in
nonlinear sciences [1, 2]. It has been observed in both na-
ture [2] and social activities [1–3], and also promises impor-
tant applications in engineering [1, 2, 4–6]. Since its dis-
covery in pendulum systems by Huygens in the 17th cen-
tury [7], synchronization has been observed in various fields
including bursting neurons [8], fireflies [9], and chemical re-
actions [10]. Although these systems operate in very different
size scales, the mechanism behind synchronization can be un-
derstood as follows: oscillators under weak interaction adjust
their rhythms to keep their motions consistent. The synchro-
nization of oscillators has been studied in relation to informa-
tion processing [4], communications [5], and high-precision
clocks [6].
Optomechanical resonators [11–24] with high-quality fac-
tors and strong nonlinearities have attracted considerable at-
tention in various fields due to their promising applications.
The synchronization of optomechanical systems is an impor-
tant topic in optomechanics [25–34]. However, the majority of
previous works concentrate on the synchronization of periodic
oscillations. The chaotic synchronization [35] of an optome-
chanical system is very challenging because chaotic signals
are extremely sensitive to initial conditions. It is still an open
question whether microscopic optomechanical systems with
chaotic motion can be synchronized. Optomechanical sys-
tems with strong nonlinear light-matter interactions can sup-
port quite different types of motion, i.e., periodic [12], quasi-
periodic [21], and chaotic [19–24]. Thus, the study of chaotic
synchronization of optomechanical systems may provide an
answer to this question.
In this paper, we study both complete and phase synchro-
nization of two optical cavity modes in an optomechanical
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system with chaotic dynamics rather than with periodic mo-
tion. We consider an optical cavity mode strongly driven to a
chaotic state. This brings other weakly-driven optical-cavity
modes into chaos mediated by a mechanical motion [21].
Thus, it is found that complete synchronization is achiev-
able in two identical weakly-driven cavity modes, and phase
synchronization can be realized in the strongly- and weakly-
driven cavity modes, although these two optical modes are
initially in different states.
The active-passive decomposition (APD) model [36, 37] is
widely used to describe systems in complete synchronization.
In the APD model, different subsystems under a common driv-
ing force can achieve complete synchronization regardless of
their initial conditions. This APD model can also describe our
chaotic system. The complete synchronization studied here
(as shown in Fig. 1) involves three cavity modes coupled to a
common mechanical oscillator in an optomechanical system.
One of the cavity modes, aˆs, is strongly driven into chaotic
motion. Mediated by the mechanical oscillation, it also drives
the other two weakly-driven optical cavity modes, aˆ1 and aˆ2,
into chaotic motion. We show that this chaotic motion of the
modes aˆ1 and aˆ2 can be completely synchronized. However,
this complete synchronization can only be realized in identical
chaotic systems. A small mismatch in design of two synchro-
nized subsystems can destroy their complete synchronized be-
havior.
In contrast to complete synchronization, phase synchro-
nization can be realized between two nonidentical chaotic sys-
tems through interacting with a common mechanical motion
(see Fig. 2). To achieve such phase synchronization, one opti-
cal cavity mode (aˆs) in the optomechanical system is strongly
driven by an external classical field, while the other mode (aˆw)
is weakly driven. Phase synchronization of the optical modes
can be achieved when the cavity-driving detuning is much
smaller than the optomechanical coupling. We find that the
temporal phases of the two optical modes with chaotic motion
mainly depend on the mechanical displacement, which is gov-
erned by the cavity mode aˆs. Thus, although the two optical
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2modes are in chaotic motion, their unwrapped phases can be
locked to each other at a fixed ratio. In the following, we in-
vestigate these two kinds of synchronization in two different
models.
We propose two setups (A and B) for either complete syn-
chronization or phase synchronization of the optical modes in
an optomechanical system. Both setups A and B share a com-
mon configuration: the strongly-driven cavity mode aˆs domi-
nates the motion of the weakly-driven cavity modes. In setup
A, the strongly- and weakly-driven cavity modes are coupled
via a mechanical mode, while they are coupled via two me-
chanical resonators in setup B. In comparison with the setup
A, a strong coupling between two mechanical resonators is
required in setup B.
This paper is organized as follows: In Secs. II and III, we
present the corresponding setups for both complete and phase
synchronization in an optomechanical system. The numerical
results for these two types of synchronization are shown and
compared in Sec. IV. In Sec. V, we summarize our work and
discuss some potential applications.
II. COMPLETE SYNCHRONIZATION
In this section, we focus on the complete synchronization
of an optomechanical system. In general terms, complete syn-
chronization refers to the identity among the phase-space or-
bits of chaotic systems. Let us consider two chaotic systems
y˙1 = f(y1), y˙2 = f(y2), (1)
where y1 and y2 are N-dimensional variables governed by the
function f : RN → RN . We define the difference between the
phase-space orbits of two chaotic systems as the synchroniza-
tion error e(t), where e(t) = y1(t) − y2(t). Two chaotic sys-
tems are called completely synchronized if and only if their
synchronization error e(t) vanishes in the evolution long time
limit [38], i.e.,
lim
t→∞ e(t) = limt→∞ ‖y1(t) − y2(t)‖ = 0. (2)
The drive-response model [38] and the active-passive de-
composition (APD) model [36, 37] are two widely used meth-
ods for characterizing the complete synchronization of chaotic
systems. In the former model, the drive and response sys-
tems, which are to be synchronized, are in the unidirectional-
coupling regime. It is required that the response system can
be decomposed into a stable subsystem and an unstable one.
By controlling the motion of the unstable subsystem, the driv-
ing part can force the phase-space orbit of the response part
to reach a synchronized state. However, the drive-response
model can only be applied to decomposable chaotic systems.
This seriously restricts its applications in engineering. The
APD model, as an advanced version of the drive-response
model, provides a more general way to study complete syn-
chronization. In the APD model, two chaotic parts to be syn-
chronized can be written as the nonautonomous form:
z˙1 = g[z1, s(t)], z˙2 = g[z2, s(t)], (3)
where the temporal evolutions of z1 and z2 are ruled by the
function g, and s(t) is the common external driving governed
by the autonomous function s˙(t) = h[s(t)]. The APD model
provides a flexible method to find a proper function h[s(t)]
for the complete synchronization of chaotic systems. In this
section, we use the APD model to study the chaotic synchro-
nization of the two optical cavity modes in an optomechanical
system.
According to the APD model, we propose two setups for re-
alizing the complete synchronization of chaotic optical modes
in an optomechanical system (see Fig. 1). It can be seen that
both setups consist of three subsystems: (i) a strongly-driven
cavity mode, aˆs; (ii) two weakly-driven cavity modes, aˆ1 and
aˆ2; (iii) mechanical mode(s), either b in setup A, or bˆs, bˆ1, and
bˆ2 in setup B. Here, the cavity mode aˆs is strongly driven to
induce chaos. This chaos can be then transferred to the two
weakly-driven cavity modes (aˆ1 and aˆ2) via the mechanical
resonator(s) [21]. In the APD model, the mechanical oscilla-
tion corresponds to an external signal and the weakly-driven
cavity modes are the two subsystems to be synchronized. We
show that under the common driving of the chaotic mechan-
ical resonator, the two weakly-driven optical modes can be
excited to chaotic states (see Fig. 3) and can evolve into a
completely-synchronized state (see Fig. 4). For simplicity, we
neglect both thermal noise and quantum noise. This is valid
under the following assumptions: (i) the thermal occupation
of the cooled mechanical resonators is low, such that the ther-
mal noise of the mechanical oscillators is small in comparison
with the motion caused by the applied driving; (ii) the optome-
chanical system is driven by strong laser fields and, therefore,
can be treated as a classical system. Under these conditions,
the effect of environmental thermal noise and quantum noise
of our optomechanical system can be neglected.
A. Complete synchronization in setup A
We start our discussion of complete synchronization by in-
troducing setup A, shown in Fig. 1(a). One strongly and two
weakly-driven cavity modes are coupled to the same mechan-
ical mode. Here the strongly-driven optical mode creates me-
chanical chaos through nonlinear optomechanical coupling.
In this arrangement, the fields in the weakly-driven cavity
modes are modulated in a chaotic way by the chaotic mechan-
ical mode. The total Hamiltonian of this synchronized system
is given by (we set ~ = 1 and always assume j = 1, 2):
Hˆ =∆saˆ†s aˆs +
∑
j
∆ jaˆ
†
j aˆ j + Ωmbˆ
†bˆ
+iεs(aˆ†s − aˆs) + i
∑
j
ε j(aˆ
†
j − aˆ j) (4)
+gsaˆ†s aˆs(bˆ + bˆ
†) +
∑
j
g jaˆ
†
j aˆ j(bˆ + bˆ
†),
where aˆs (aˆ j) denotes the annihilation operator of the strongly
(weakly) driven cavity mode, ∆s = ωcav,s −ωd,s (∆ j = ωcav, j −
ωd, j) stands for the corresponding detuning between the cav-
ity resonance frequency ωcav,s (ωcav, j) and the input laser fre-
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FIG. 1. (Color online) Schematic diagrams of two optomechanical models for complete synchronization. (a) Setup A includes a strongly-
driven cavity mode aˆs, two weakly-driven cavity modes aˆ j, and a mechanical mode b. The strongly- and weakly-driven cavity modes are
coupled via the mechanical mode with coupling strengths gs and g j, respectively. (b) Setup B consists of a strongly-driven cavity mode aˆs and
two weakly-driven cavity modes aˆ j, where the latter are coupled to aˆs via the mechanical modes b j and bs, which are additional coupled to
each other with the spring coefficients k j.
quency ωd,s (ωd, j), and εs (ε j) is the driving strength of the
cavity mode aˆs (aˆ j). The annihilation operator of the mechan-
ical resonator is represented by bˆ, and Ωm denotes its natural
frequency. Here, gs (g j) is the optomechanical single-photon
coupling strength between the cavity mode aˆs (aˆ j) and the me-
chanical mode bˆ.
To obtain the equation of motion of the system in the clas-
sical regime, we first write the quantum Langevin equations
for the Hamiltonian, given in Eq. (4), as:
˙ˆas = − i∆saˆs − γs2 aˆs − igsaˆs(bˆ
† + bˆ) + εs , (5a)
˙ˆb = − iΩmbˆ − Γm2 bˆ − igsaˆ
†
s aˆs − ig jaˆ†j aˆ j , (5b)
˙ˆa j = − i∆ jaˆ j − γ j2 aˆ j − ig jaˆ j(bˆ
† + bˆ) + ε j , (5c)
where γs (γ j) and Γm are the damping rates of the cavity mode
aˆs (aˆ j) and the mechanical mode bˆ, respectively.
We treat the optomechanical device as a classical system
such that we can replace the quantum operators with their
classical mean values: αs = 〈aˆs〉, α j = 〈aˆ j〉, and β = 〈bˆ〉.
Note that the thermal noise and quantum noise are neglected,
as explained above. In this configuration, α j are the two clas-
sical cavity modes to be synchronized, which are governed by
α˙ j = −i∆ jα j − γ j2 α j − iG jα jx + ε j, (6)
where x = xZPF(β + β∗) refers to the classical mechanical dis-
placement, and its nonlinear coupling strength with the opti-
cal mode α j is denoted by G j = g j/xZPF. Here xZPF is the
zero-point fluctuation (ZPF) displacement of the mechanical
resonator.
We apply the drivings in a way that the radiation pressure of
the weakly-driven cavity modes α1 and α2 on the mechanical
mode β is negligibly weak in comparison with that caused by
the strongly-driven cavity mode αs. In this arrangement, the
mechanical displacement x is dominantly determined by the
strongly-driven optical mode. It subsequently governs the mo-
tion of the weakly-driven cavity modes α j by modulating their
resonance frequencies. The back-action from the cavity mode
α j on x can be neglected. We denote this as the unidirectional-
coupling regime, in which the force of the weakly-driven cav-
ity modes α1 and α2 acting on the mechanical resonator can
be neglected. The mechanical displacement x, as an external
signal, modulates these two cavity modes α1 and α2 in the
same way. As a result, the chaotic synchronization of the two
weakly-driven cavity modes α1 and α2 can be obtained.
In this unidirectional-coupling regime, the motion of the
cavity mode as and the mechanical resonator are reduced to
α˙s = −i∆sαs − γs2 αs − iGsαsx + εs , (7a)
meff x¨ = −meffΩ2mx − meffΓm x˙ + ~Gs|αs|2, (7b)
where meff denotes the effective mass of the mechanical res-
onator. This configuration can be understood in the APD
model as follows: The two identical cavity modes α1 and α2
are two subsystems to be synchronized. The mechanical dis-
placement x produces a common external force on these two
modes. These two cavity modes are asymptotically stable.
The configuration satisfies the necessary conditions for their
complete synchronization.
B. Complete synchronization in setup B
In this subsection, we focus on setup B shown in Fig. 1(b).
Specifically, this system consists of one strongly and two
weakly-driven optomechanical systems, each of which in-
cludes only a single cavity mode and a mechanical mode. Dif-
ferent from setup A, here the optomechanical systems are cou-
pled with each other via the mechanical resonators: each me-
chanical mode b j in the weakly-driven optomechanical system
is coupled to the mechanical mode bs in the strongly-driven
optomechanical system with a coupling coefficient k j. The
4total Hamiltonian of this system is described by
Hˆ =∆saˆ†s aˆs + ∆ jaˆ
†
j aˆ j + Ωsbˆ
†
s bˆs +
∑
j
Ω jbˆ
†
j bˆ j
+gsaˆ†s aˆs(bˆ + bˆ
†) +
∑
j
g jaˆ
†
j aˆ j(bˆ j + bˆ
†
j ) (8)
+
∑
j
k j(bˆ
†
j + bˆ j)(bˆs + bˆ
†
s) + iεs(aˆ
†
s − aˆs)
+i
∑
j
ε j(aˆ
†
j − aˆ j) ,
where aˆs (aˆ j) refers to the annihilation operator of the cavity
mode in the strongly (weakly) driven optomechanical system,
∆s (∆ j) and εs (ε j) are the corresponding detuning and driving
strength, respectively. Here, bˆs (bˆ j) is the annihilation opera-
tor of the mechanical mode in the strongly (weakly) driven op-
tomechanical system and its resonance frequency is denoted
as Ωs (Ω j); while gs (g j) is the optomechanical single-photon
coupling strength between the cavity mode aˆs (aˆ j) and the me-
chanical mode bˆs (bˆ j), and k j denotes the coupling strength
between the mechanical modes bˆ j and bˆs. Because identi-
cal subsystems are required to achieve their complete syn-
chronization, the coupling coefficients are set to be the same,
k1 = k2. From the Hamiltonian, given in Eq. (8), we have the
following quantum Langevin equations:
˙ˆas = − i∆saˆs − γs2 aˆs − igsaˆs(bˆ
†
s + bˆs) + εs , (9a)
˙ˆbs = − iΩsbˆs − Γs2 bˆs − igsaˆ
†
s aˆs , (9b)
˙ˆa j = − i∆ jaˆ j − γ j2 aˆ j − ig jaˆ j(bˆ
†
j + bˆ j) + ε j , (9c)
˙ˆb j = − iΩ jbˆ j − Γj2 bˆ j − ig jaˆ
†
j aˆ j + ik j(bˆs + bˆ
†
s) , (9d)
where γs (γ j) and Γs (Γj) refer to the damping rates of the
optical mode aˆs (aˆ j) and the mechanical mode bˆs (bˆ j) in the
strongly (weakly) driven optomechanical system. Let αs, α j,
βs, and β j be the mean values of aˆs, aˆ j, bˆs, and bˆ j: αs = 〈aˆs〉,
αs = 〈bˆs〉, βs = 〈bˆs〉, and β j = 〈bˆ j〉. In the semiclassical
regime, the operators aˆs, aˆ j, bˆs, and bˆ j in Eq. (9) can be re-
placed by classical variables αs, α j, βs, and β j. Here, the two
classical weakly-driven optomechanical systems to be syn-
chronized are governed by:
α˙ j = − i∆ jα j − γ j2 α j + iG jα jx j + ε j , (10a)
mmeff, j x¨ j = − mmeff, jΩ2j x j − mmeff, jΓ j x˙ j + ~G j|α j|2
− K j(x j − xs) . (10b)
These two systems, described in Eq. (10), are driven by the
same strongly-driven optomechanical system:
α˙s = − i∆sαs − γs2 αs − iGsαsxs + εs , (11a)
mmeff, s x¨s = − mmeff, sΩ2s xs − mmeff, sΓs x˙s + ~Gs|αs|2 , (11b)
where mmeff, s (mmeff, j), xs (x j), and Gs (G j) are the mechani-
cal effective mass, mechanical displacement, and the optical-
mechanical coupling strength of the strongly (weakly) driven
optomechanical resonator, respectively. Here, xs (x j) is de-
fined as xs = xsZPF(βs + β
∗
s) [x j = x
j
ZPF(β j + β
∗
j)], and we define
Gs = gs/xsZPF (G j = g j/x
j
ZPF), where x
s
ZPF (x
j
ZPF) is the ZPF
of the strongly (weakly) driven optomechanical resonators.
The external force acting on the mechanical resonator asso-
ciated with the displacement x j takes the form −K j(x j − xs),
where K j = ~k j/(xsZPFx
j
ZPF) is the classical mechanical cou-
pling strength. When K1/meff,1 = K2/mmeff,2, the two weakly-
driven modes share the same dynamics. Thus, this system
can be studied in the framework of the APD configuration:
two weakly-driven optomechanical resonators as two chaotic
subsystems are synchronized and the strongly-driven optome-
chanical resonator acts as a common external force.
Note that the external-force term −K j(x j−xs) in Eq. (11b) is
derived from the classical Lagrangian Lint = K j(x j − xs)2/2.
If we start from the quantum Langevin equations, shown in
Eq. (9d), then the external-force term should be K jxs. This
difference −K jx j between these two functions originates from
the quantization of classical coupled-spring oscillators. Quan-
tum systems interact with each other in the discontinuous
regime, while the classical ones interact in the continuous
regime. When Ω2j  K j, the term −K jx j in Eq. (10b) is
very small when compared to other terms and can be omitted.
Thus, Eqs. (9d) and (10b) are consistent for high-frequency
resonators.
III. PHASE SYNCHRONIZATION
In Sec. II, we discussed the complete synchronization of two
identical chaotic optical modes in optomechanical systems.
However, it is technically challenging to fabricate two iden-
tical optomechanical resonators. Even a tiny parameter mis-
match between two chaotic optomechanical resonators can de-
stroy their complete synchronization. Thus, the research of
synchronization in nonidentical chaotic systems is of impor-
tance. So far, there are many attempts for synchronization of
two nonidentical chaotic systems, including phase synchro-
nization [39, 40], generalized synchronization [41, 42], and
time-delayed synchronization [43]. In this section, we show
that the phases of two nonidentical chaotic cavity modes can
be locked at a fixed ratio, although their amplitudes are irrele-
vant to each other.
In general, two periodic systems are called phase synchro-
nized if their phases ψ1(t) and ψ2(t) are locked at a fixed ratio
m/n, i.e., |nψ1(t) − mψ2(t)| < constant, where m and n are
integers. Recently, the notion of phase synchronization has
been extended to chaotic systems. We find that two weakly-
coupled chaotic systems can be perfectly phase locked and
their amplitudes are irrelevant. The definition of the phase
of a chaotic system is not unique. Indeed, various versions
have been proposed based on analytic signal processing meth-
ods [44] or the Poincare´ section. Here, we use the former to
study the phase synchronization of chaotic cavities. To obtain
the temporal phase, observed in an arbitrary-scale time func-
tion s(t), a complex analytic signal φ(t) is reconstructed from
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FIG. 2. (Color online) Schematic diagrams of two different setups for phase synchronization. (a) Setup A consists of a strongly-driven optical
mode aˆs, a weakly-driven optical mode aˆw, and a mechanical mode bˆ. Both the optical modes are coupled to the mechanical resonator and
integrated into a single optomechanical system; (b) Setup B includes one strongly-driven (aˆs and bˆs) and one weakly-driven (aˆw and bˆw)
optomechanical systems, which are coupled via the mechanical modes bˆs and bˆw with a coupling coefficient k.
s(t), i.e.,
φ(t) = s(t) + is˜(t) = A(t) exp[iΨ(t)], (12)
where A(t) is the amplitude of the signal and Ψ(t) is its phase,
while s˜(t) is the Hilbert transform of s(t), which is given by
s˜(t) =
1
pi
P.V.
∫ ∞
−∞
s(τ)
t − τdτ, (13)
where P.V. denotes the Cauchy principal value. Note that the
phases are unwrapped, i.e., these are not constrained to the
range (−pi, pi]. Once s(t) is obtained, the amplitude A(t) and
phase Ψ(t) can be calculated [44].
In this section, we describe a configuration for phase syn-
chronization of a strongly-driven cavity mode and a weakly-
driven one in an optomechanical system. To do so, we pro-
pose two setups, as shown in Figs. 2(a) and 2(b). Both se-
tups consist of one strongly-driven mode, one weakly-driven
cavity mode, and one or more mechanical mode(s). As men-
tioned in Sec. II, chaos can be generated in the strongly-driven
cavity mode and be transferred to the weakly-driven cavity
modes in mediation of the mechanical oscillation. When the
driving-enhanced optomechanical coupling is strong and the
cavity-driving detuning is small, i.e., in the strong optical-
mechanical coupling and small-detuning regime, the temporal
phase of each optical mode mainly depends on the displace-
ment(s) of the mechanical resonator(s). In this configuration,
the two chaotic optical cavity modes can be prepared in phase
synchronized, regardless of their amplitudes. As in complete
synchronization, here we also neglect thermal noise and quan-
tum noise.
The detailed description of these two setups is presented in
the following subsections.
A. Phase synchronization in setup A
As shown in Fig. 2(a), the system consists of a strongly-
driven cavity mode aˆs and a weakly-driven cavity mode aˆw,
and a mechanical mode bˆ associated with displacement xˆ =
xZPF(bˆ† + bˆ). These two cavity modes aˆs and aˆw are cou-
pled to the mechanical mode bˆ in the unidirectional-coupling
regime. Next we show how the phases of the two chaotic opti-
cal modes in the strongly- and weakly-driven regimes in setup
A can be locked at a fixed ratio.
The total Hamiltonian of this system is described by
Hˆ =∆saˆ†s aˆs + ∆waˆ
†
waˆw + Ωmbˆ
†bˆ
+ gsaˆ†s aˆs(bˆ + bˆ
†) + iεs(aˆ†s − aˆs)
+ gwaˆ†waˆw(bˆ + bˆ
†) + iεw(aˆ†w − aˆw) ,
(14)
where ∆s = ωcav,s−ωd,s (∆w = ωcav,w−ωd,w) is the correspond-
ing detuning between the cavity resonance frequency ωcav,s
(ωcav,w) and the laser frequency ωd,s (ωd,w), while εs (εw) is
the driving strength for the strongly (weakly) driven cavity
mode, and Ωm is the resonance frequency of the mechanical
resonator b. Here, gs (gw) is the optomechanical single-photon
coupling strength between the cavity mode aˆs (aˆw) and the me-
chanical mode bˆ. For the Hamiltonian given in Eq. (14), we
have the following quantum Langevin equations:
˙ˆas = − i∆saˆs − γs2 aˆs − igsaˆs(bˆ
† + bˆ) + εs , (15a)
˙ˆb = − iΩmbˆ − Γm2 bˆ − igsaˆ
†
s aˆs − igwaˆ†waˆw , (15b)
˙ˆaw = − i∆waˆw − γw2 aˆw − igwaˆw(bˆ
† + bˆ) + εw , (15c)
where γs (γw) and Γm are the damping rates of the cavity
modes aˆs (aˆw) and the mechanical mode bˆ, respectively. Let
αs, αw, and β be the mean values of aˆs, aˆw, and bˆ: αs = 〈aˆs〉,
αw = 〈aˆw〉, and β = 〈bˆ〉 in the classical regime. Their dynam-
ics is governed by:
α˙s = − i∆sαs − γs2 αs − iGsαsx + εs , (16a)
α˙w = − i∆wαw − γw2 αw − iGwαwx + εw , (16b)
where Gs = gs/xsZPF (Gw = gw/x
w
ZPF) represents the coupling
strength between the strongly (weakly) driven cavity mode αs
(αw) and the mechanical mode bˆ. The cavity modes αs and αw
6are two parts to be synchronized. They are driven by the same
mechanical mode β. The mechanical motion is governed by
meff x¨ = −meffΩ2mx − meffΓm x˙ + ~Gs|αs|2, (17)
where Ωm denotes the detuning of the mechanical mode bˆ and
γm is its damping rate. In our arrangement, the effects of the
weakly-driven optical modes acting on the mechanical mode
x can be neglected by choosing Gs|αs|2  Gw|αw|2.
Next, we find the relation of parameters determining the
ratio of the unwrapped phase of cavity modes in phase syn-
chronization. We define the mean value of the mechanical dis-
placement x as x¯ = limt→∞(t− t0)−1
∫ t
t0
|x(t′)|dt′, where t0 is the
initial time. We refer to the conditionsGs x¯  ∆s (Gw x¯  ∆w)
and Gs x¯  γs (Gw x¯  γw) as the strong-coupling small-
detuning regime. In this regime, the instantaneous frequen-
cies of both strong- and weakly-driven optical modes are de-
termined by the following two factors: the detuning ∆s (∆w)
and the mechanical displacement-dependent parameter Gsx
(Gwx). For on-resonance drivings, ∆s = ∆w ≈ 0, the evo-
lution of the strongly (weakly) driven optical mode αs (αw)
depends mainly on the mechanical motion Gs x¯ (Gw x¯). Thus,
the unwrapped phases, Ψw(t) and Ψs(t) of the cavity modes αs
and αw, defined in Eq. (12) are locked at a fixed ratio of
lim
t→∞
Ψw(t)
Ψs(t)
=
Gw
Gs
, (18)
as the time approaches infinity.
B. Phase synchronization in setup B
As shown in Fig. 2(b), the setup B consists of a strongly-
driven optomechanical system and a weakly-driven one, each
of which includes only a single cavity mode and a mechanical
mode. Different from setup A, two optomechanical resonators
are mechanically coupled with each other with a coupling co-
efficient k. The total Hamiltonian of this synchronized system
is
Hˆ =∆saˆ†s aˆs + ∆waˆ
†
waˆw + Ωsbˆ
†
s bˆs + Ωwbˆ
†
wbˆw
+ gsaˆ†s aˆs(bˆs + bˆ
†
s) + gwaˆ
†
waˆw(bˆw + bˆ
†
w)
+ k(bˆ†w + bˆw)(bˆs + bˆ
†
s) + iεs(aˆ
†
s − aˆs)
+ iεw(aˆ†w − aˆw) ,
where aˆs (aˆw) denotes the annihilation operator of the
strongly-driven (weakly-driven) cavity mode, ∆s (∆w) and εs
(εw) are the corresponding detuning and driving strengths.
Here, bˆs (bˆw) refers to the annihilation operators of the me-
chanical modes in the strongly (weakly) driven optomechani-
cal system and Ωs (Ωw) denotes its resonance frequency. Each
cavity mode aˆs (aˆ j) is coupled to the mechanical mode bˆs
(bˆw) with the coupling strength gs (gw), while k is the cou-
pling strength between mechanical modes bˆw and bˆs. From
the Hamiltonian of Eq. (19), we obtain the following quantum
Langevin equations:
˙ˆas = − i∆saˆs − γs2 aˆs − igsaˆs(bˆ
†
s + bˆs) + εs , (19a)
˙ˆbs = − iΩsbˆs − Γs2 bˆs − igsaˆ
†
s aˆs , (19b)
˙ˆaw = − i∆waˆw − γw2 aˆw − igwaˆw(bˆ
†
w + bˆw) + εw , (19c)
˙ˆbw = − iΩwbˆw − Γw2 bˆw − igwaˆ
†
waˆw + ik(bˆs + bˆ
†
s) , (19d)
where γs (γw) and Γs (Γw) denote the corresponding damping
rates of the optical mode aˆs (aˆw) and the mechanical mode bˆs
(bˆw) in the strongly (weakly) driven optomechanical system.
Treating the whole system classically, we can replace opera-
tors with their mean values: αs = 〈aˆs〉, αw = 〈aˆw〉, βs = 〈bˆs〉,
and βw = 〈bˆw〉. The dynamics of the weakly-driven optome-
chanical resonator is described by:
α˙w = − i∆wαw − γw2 αw + iGwαwxw + εw , (20a)
mw x¨w = − mwΩ2wxw − mwΓw x˙w + ~Gw|αw|2 − K(xw − xs) .
(20b)
In the unidirectional coupling regime, the motion of the
weakly-driven optomechanical part is governed by the
strongly-driven optomechanical one. The motion of the lat-
ter can be modeled as
α˙s = − i∆sαs − γs2 αs − iGsαsxs + εs , (21a)
ms x¨s = − msΩ2s xs − msΓs x˙s + ~G j|αs|2 , (21b)
whereGs = gs/xsZPF (Gw = gw/x
w
ZPF) is the optical-mechanical
coupling strength in the strongly (weakly) driven optome-
chanical part. The displacements of the strongly- and weakly-
driven mechanical oscillators are given by xs = xsZPF(βs + β
∗
s)
and xw = xwZPF(βw + β
∗
w), where x
s
ZPF and x
w
ZPF are the cor-
responding ZPF displacements of the left and right mechan-
ical resonators, and ms (mw) denotes the effective mass of
the mechanical resonator bs (bw). Here, −K(xw − xs) with
a mechanical coupling strength K = ~k/(xsZPFx
w
ZPF) is the ex-
ternal force driving the mechanical mode xw. It provides a
positive feedback to the weakly-driven mechanical mode xw
when (xw − xs) < 0. This feedback turns to be negative
when (xw − xs) > 0. Thus, when the coupling coefficient k
is strong enough, we have the relation: xw(t) ≈ xs(t). We
define the mean value of the mechanical displacement xm as
x¯m = limt→∞(t − t0)−1
∫ t
t0
|xm(t′)|dt′, where t0 is the initial
time and m = s (w) stands for the strongly (weakly) driven
mode. In the strong-coupling small-detuning regime when
Gs x¯s  ∆s (Gw x¯w  ∆w) and Gs x¯s  γs (Gw x¯w  γw), the
temporal phase of the strongly (weakly) driven optical mode
αs (αw) mainly depends on Gs x¯s (Gw x¯s). Under these approx-
imations, the ratio of the unwrapped phases Ψw(t) and Ψs(t)
of αs and αw for this setup B in the infinite-time limit is the
same as the corresponding limit, given in Eq. (18), for setup
A.
We discuss our idea for the chaotic synchronization of op-
tomechanical systems in the unidirectional coupling regime.
7This treatment is reasonable as long as Gs|αs|2  Gs|αs|2. It
is worth noting that both complete and phase synchronization
can be obtained with slight change in the chaotic motion of the
mechanical resonators when the weak force from the weakly
driven cavity modes on the mechanical resonators is taken into
account.
IV. RESULTS
In Sec. II, we presented four setups for both complete and
phase synchronization of chaotic optical modes in an optome-
chanical system. These setups are different in their config-
urations but share a common dynamics: the strongly-driven
cavity mode overwhelms the weakly-driven cavity modes and
drives them into chaotic motion. Now we present our numer-
ical results below for the configurations of these two types of
synchronization.
A. Complete synchronization
As mentioned above, we propose two setups for realizing
complete synchronization. In both setups, the two weakly-
driven cavity modes are controlled by the strongly-driven cav-
ity mode. The complete synchronization of our setups is de-
scribed by the APD model. The strongly-driven optical mode
plays two key roles: (i) generating chaos and transferring it
to the weakly-driven optical modes, mediated by the mechan-
ical mode(s) and (ii) acting as a common external force on the
weakly-driven optical modes.
1. Complete synchronization in setup A
In setup A, the system consists of three cavity modes (i.e.,
one strongly-driven and two weakly-driven modes) and a me-
chanical mode. Each cavity mode is coupled to each other
via the mechanical mode. To realize chaotic synchronization,
first, we need to prepare the weakly-driven cavity modes α1
and α2 in chaotic states. However, in general, weakly-driven
optomechanical systems can only generate nonchaotic fields.
An efficient method to obtain a weak chaotic field is that con-
necting a weakly-driven cavity mode to a chaotic resonator.
In this setup, chaos is generated by the strongly-driven cav-
ity mode, and then transferred to the weakly-driven cavity
modes α1 and α2 via the mechanical mode [21]. Here, the
cavity mode α1 is taken as an example to show how its dynam-
ics transfers from regular into chaotic. To give a straightfor-
ward view of this transfer, we numerically calculate its phase
portraits without [see Fig. 3(a)] and with [see Fig. 3(b)] the
driving from the strongly-driven optical mode. Moreover, we
calculate the largest Lyapunov exponent (LLE) of the system
with the method proposed in [45, 46] to check if α1 evolved to
FIG. 3. (Color online) Complete synchronization in setup A: The
phase portraits of optical cavity mode α1 and the mechanical mode b
(a) without and (b) with coupling to the strongly-driven cavity mode
αs. The largest Lyapunov exponent (LLE) is calculated to be neg-
ative for case (a) and positive for case (b). Here, Re(α1), Im(α1),
and x correspond to the three coordinates of the three-dimensional
phase space, and the fourth variable p in (a) and (b) is characterized
in the color scale according to the depicted colorbar. The param-
eters are set as: ∆1/2pi = 13 MHz, γ1/2pi = γs/2pi = 0.24 GHz,
g1/2pi = gs/2pi = 0.126 GHz, ε1/2pi = 22 MHz, ∆s/2pi = 0.13 GHz,
εs/2pi = 15.4 GHz, Γm/2pi = 2.8 MHz, meff = 0.11 fg, and
Ωm/2pi = 0.346 GHz.
a chaotic state. A positive LLE is an indicator of chaos, while
a negative LLE means regular motion.
We first consider the case of the absence of the cavity mode
αs. In this case, the optomechanical system is reduced to a
single weakly-driven optical mode α1 and a single mechan-
ical mode β1. As shown in Fig. 3(a), a single closed loop
is found in the phase portrait with LLE < 0, implying that
the system is in regular periodic motion in the weakly-driven
regime. Then, we study the system shown in Fig. 1(a), in
which the two weakly-driven cavity modes are coupled to the
strongly-driven cavity mode via the mechanical mode. It can
be seen from the phase portrait that a chaotic attractor ap-
pears even if it is weakly driven [see Fig. 3(b)]. We find that
LLE > 0. This means that the weakly-driven optical mode is
8FIG. 4. (Color online) Synchronization errors for complete synchro-
nization in setup A: (a) amplitude errors and (b) phase errors be-
tween the two chaotic weakly-driven cavity modes α1 and α2 as a
function of time t. Here ∆2/2pi = 13 MHz, γ2/2pi = 0.24 GHz, and
ε2/2pi = 22 MHz. The initial conditions are set as: α1(0) = 0.1+0.1i,
α2(0) = 0.1i, αs(0) = 0, and β(0) = 0. All the other parameters are
the same as in Fig. 3.
successfully driven to a chaotic state. The phase portraits in
Fig. 3(b) consist of two complex variables: the weakly-driven
cavity mode α1 and the mechanical mode β. For simplicity,
we expand this two-dimensional complex space (α1, β) to the
four-dimensional real space [Re(α1), Im(α1), x, p], where x
and p denote the displacement and the momentum of the me-
chanical mode, respectively. The value of p is presented as
different colors. In Fig. 3(b), we show that the weakly-driven
cavity modes: (i) can be driven to the chaotic modes and (ii)
can realize the synchronization with each other under the driv-
ing of the chaotic mechanical resonator.
We use the synchronization error between two chaotic fields
α1 and α2 as the criterion of complete synchronization. The
synchronization error includes the amplitude error |α2| − |α1|
and phase error cos θ2(t) − cos θ1(t), where |α1| (|α2|) is the
amplitude of the cavity mode α1 (α2), and its phase is de-
noted by θ1(t) [θ2(t)]. The chaotic cavity fields α1 and α2
are completely synchronized if both of their amplitude and
phase errors converge to zero as the evolution time progresses
to infinity. Figure 4 shows the synchronization error be-
tween the two chaotic fields α1 and α2 for three different val-
ues of the coupling strengths g1 and g2. Note that the ini-
tial conditions of α1 and α2 are set to be different. In gen-
FIG. 5. (Color online) Complete synchronization in setup B: The
phase portraits of an optomechanical system includes cavity 1 and the
mechanical mode (a) without and (b) with coupling to the strongly-
driven cavity mode. The largest Lyapunov exponent is calculated as:
(a) LLE < 0 and (b) LLE > 0. Here Re(α1), Im(α1), and x1 corre-
spond to the three coordinates of the three-dimensional phase space,
and the fourth variable p1 in (a) and (b) are characterized by differ-
ent colors shown according to the colorbars. The parameters are:
∆1/2pi = 26 MHz, g1/2pi = 25.2 MHz, Γs/2pi = Γ1/2pi = 2.8 MHz,
Ωs/2pi = Ω1/2pi = 0.346 GHz, and k1/2pi = k2/2pi = 1.29 MHz,
while other parameters are the same as in Fig. 3.
eral, two neighboring chaotic trajectories without coupling
will rapidly depart from each other because chaos is sensi-
tive to initial conditions. However, we can find that both
amplitude error |α2(t)| − |α1(t)| [see Fig. 4(a)] and phase er-
ror cos θ2(t) − cos θ1(t) [See Fig. 4(b)] decrease to zero after
conquering the transient states. Thus, complete synchroniza-
tion is obtained in the two weakly-driven cavity modes and
this synchronization is independent of the coupling strengths
g1 and g2. Note that if the coupling strength g/γ1 < 0.05,
then the weakly-driven cavity mode α1 cannot be driven to a
chaotic state.
2. Complete synchronization in setup B
9Now we study complete synchronization in setup B, shown
in Fig. 1(b). The system includes three optomechanical sub-
systems: two weakly-driven optomechanical objects are cou-
pled to the strongly-driven optomechanical one via the me-
chanical coupling. Here, the two optical modes α1 and α2
in two weakly-driven parts are chaotic and will be synchro-
nized. In this subsection, we numerically show, by preparing
the strongly-driven optomechanical part in a chaotic state, that
the weakly-driven parts can also be driven into synchronized
chaotic states.
Since the two weakly-driven components share the same
dynamics, we choose one of them as an example to show
the transfer from regular into chaotic motion. The phase
portraits and the LLE of the weakly-driven optomechanical
part (α1, β1) are calculated for the cases without and with the
strongly-driven optomechanical resonator. First, in the for-
mer case, a single loop is seen in the phase portrait shown in
Fig. 5(a). This implies that the weakly-driven optomechani-
cal part is in a periodic motion. This single loop becomes a
chaotic attractor [see Fig. 5(b)] when the two weakly-driven
optomechanical parts are coupled to the strongly-driven one.
Moreover, this transition is also indicated by LLE, chang-
ing from negative in Fig. 5(a) to positive in Fig. 5(b). Sim-
ilarly to Fig. 3, the complex two-dimensional weakly-driven
optomechanical resonator [α1, β1] is illustrated in the four-
dimensional real space [Re(α1), Im(α1), x1, p1]. Here, Re(α1)
[Im(α1)] is the real (imaginary) part of the classical cavity
mode α1, and x1 (p1) denotes the displacement (momentum)
of the classical mechanical mode β1. The color of the lines
show the values of the fourth component p1.
To answer the question whether the two chaotic cavity
modes α1(t) and α2(t) can achieve complete synchronization,
we calculate their error and check if it converges to zero.
The error here includes the amplitude error |α2| − |α1| and the
phase error cos θ2(t) − cos θ1(t), where |α1| (|α2|) and cos θ1(t)
[cos θ2(t)] denote the amplitude and phase of the cavity mode
α1 (α2), respectively. Figures 6(a) and 6(b) show the ampli-
tude and phase errors for different mechanical-coupling coef-
ficients k1 and k2. The initial condition difference is set to be:
|α2|−|α1| = 0.0041 in Fig. 6(a) and cos θ2(t)−cos θ1(t) = 1/
√
2
in Fig. 6(b). When k1 and k2 are very weak (k1/γ1 = k2/γ2 =
10−4), both amplitude and phase errors considerably fluctuate
[blue dashed curves in Figs. 6(a) and 6(b)] as the evolution
time progresses. When k1 (k2) increases to k1/γ1 = k2/γ2 =
10−2 [green dashed dot curves in Fig. 6(a) and 6(b)], these two
errors drastically fluctuate in the beginning, and then decrease
to zero after conquering a transient period. Moreover, the in-
crease of the coupling strength k1 (k2) accelerates the conver-
gence of the synchronization errors, as shown in Figs. 6(a)
and 6(b) (red solid curve). The time going to synchroniza-
tion greatly decreases as the parameters k1 and k2 increase to
k1/γ1 = k2/γ2 = 1 from k1/γ1 = k2/γ2 = 10−2. Obviously, the
mechanical-coupling parameters k1 and k2 play a crucial role
in the synchronization of chaotic optical fields. Two weakly-
driven optomechanical systems can be driven into complete
synchronization when the mechanical coupling k1 and k2 are
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FIG. 6. (Color online) Synchronization errors for complete synchro-
nization in setup B: (a) amplitude errors and (b) phase errors between
the cavity modes α1 and α2 for different mechanical-mechanical cou-
pling coefficients k1 and k2 as a function of time t. The initial condi-
tions of the weakly- and strongly-driven optomechanical systems are
set as: [α1(0), β1(0)] = (0.01i, 0), [α2(0), β2(0)] = (0.01 + 0.01i, 0),
and [αs(0), βs(0)] = (0, 0). The other parameters are the same as in
Fig. 5.
large enough.
3. Comparison of setup A and setup B
Complete synchronization can be realized in both setups A
and B according to the APD model. As shown in Figs. 4 and 6,
the motions of the two weakly-driven cavity modes tend to be
close to each other and become completely identical as the
time progresses. As our theoretical prediction, the weakly-
driven cavity modes in chaotic motion can be in complete syn-
chronization if they are asymptotically stable and their mo-
tion is dominated by a common external force, which is the
strongly-driven cavity mode here. Chaos can be transferred
from the strongly-driven cavity mode to the weakly-driven
cavity modes by mediation of a direct coupling in setup A (see
Fig. 3) or indirect coupling in setup B (see Fig. 5). In setup A,
the two weakly-driven cavity modes are synchronized. They
are driven by the same mechanical mode.
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Different from setup A, the action of the common external
drive in setup B is indirectly applied to the two weakly-driven
cavity modes via the mechanical coupling. The setup B highly
relies on the mechanical coupling coefficient k1 and k2. The
motion of the optical modes of weakly-driven optomechan-
ical systems is not only affected by its own oscillation but
more crucially depends on the strongly-driven optomechani-
cal one. When the mechanical-coupling coefficients are large,
complete synchronization is achieved. However, for small k1
and k2, the motion of the mechanical modes is dominated by
the weakly driven optical modes. Thus, the external drive has
little effect on the optical cavity modes to be synchronized. As
a result, in the weak mechanical-coupling regime, complete
synchronization is impossible in setup B.
B. Phase synchronization
Phase synchronization is defined as the locking of the un-
wrapped phases in two dynamical systems. Below we will
show phase synchronization of two chaotic optical modes in
Fig. 2 in the strong-coupling small-detuning regime. Note that
the unwrapped phases defined here are unfolded in every 2pi-
period. This is essentially different from the phases introduced
for complete synchronization in Sec. II.
1. Phase synchronization in setup A
In setup A, shown in Fig. 2(a), the weakly- and strongly-
driven optical modes are coupled via a mechanical mode.
When the cavity mode aˆs is strongly driven into a chaotic
state, it, in turn, brings the mechanical mode into chaotic mo-
tion. As a result, the weakly-driven cavity mode is driven
to a chaotic state via its coupling to the mechanical mode.
The chaotic motion of two cavity modes is also proved by the
positive LLE. In spite of being in chaotic motion, the motion
trajectories of two chaotic optical modes have dramatically
different amplitudes. However, two attractors rotate in a sim-
ilar way with respect to the axis of αs = 0 in Fig. 7(a) and
αs = 0 in Fig. 7(b), respectively. It indicates a correlation of
the phases in the two attractors.
To study phase synchronization between the two chaotic
optical modes, we calculate the ratio of the unwrapped phases
of the strongly- and weakly-driven optical modes. To do so,
we fix Gs but change the coupling strength Gw to see how the
optomechanical coupling strength influences phase synchro-
nization in the optomechanical system. The unwrapped phase
Ψw(t) [Ψs(t)] of the weakly (strongly) driven cavity mode is
evaluated from the real part of the observed signal Re[αw(t)]
(Re[αs(t)]) with the analytic signal processing method. Phase
synchronization occurs if the ratio of the phases of two non-
identical optical modes can be locked at a fixed value of
Gs/Gw, as t → ∞, according to our discussion in Sec. II.
FIG. 7. (Color online) Phase synchronization in setup A: The phase
portraits of (a) the strongly-driven and (b) weakly-driven optome-
chanical system. The largest Lyapunov exponent is positive in both
cases. The parameters here are: ∆s/2pi = 0.13 GHz, γs/2pi =
0.24 GHz, gs/2pi = 0.126 GHz, εs/2pi = 15.4 GHz, ∆w/2pi =
26 MHz, γw/2pi = 52 MHz, gw/2pi = 25.2 MHz, εw/2pi = 0.22 GHz,
Γm/2pi = 2.8 MHz, and Ωm/2pi = 0.346 GHz.
Figure 8 illustrates the evolutions of the ratio of unwrapped
phase Ψs(t)/Ψw(t) as a function of the coupling strength Gw.
When Gw is very weak, e.g. Gs/Gw = 100, the motion of the
weakly-driven optical mode mainly depends on a given pe-
riodic input field. As a result, the ratio of Ψs(t)/Ψw(t) fluc-
tuates over a large region [32, 34] and does not converge,
see Fig. 8(a). When Gw is larger (e.g. Gs/Gw = 10), [See
Fig. 8(b)], the ratio of Ψs(t)/Ψw(t) fluctuates within a relative
smaller region, but still cannot approach to a constant value
[see Fig. 8(b)] because the influence of the input field and the
driving of the mechanical mode on the weakly-driven optical
mode compete with each other, leading to the randomly vary-
ing rhythms of the strongly- and weakly-driven cavity modes.
In the strong-coupling regime, e.g. Gs/Gw = 1, the phase of
the weakly-driven cavity mode is dominantly controlled by
the chaotic mechanical mode. This mechanical mode also
acts on the strongly-driven cavity mode simultaneously. In
this case, the resonance frequencies of both the weakly- and
strongly-driven cavity modes are determined by the motion of
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FIG. 8. (Color online) Phase synchronization in setup A: Evolutions
of the ratios for the phases of the strongly- [Ψs(t)] and weakly-driven
Ψw(t) cavity modes, when their coupling strengths are (a) Gs/Gw =
100, (b) Gs/Gw = 10, and (c) Gs/Gw = 1, where Gs = gs/xZPF
is a fixed value and Gw = gw/xZPF. The red dashed line in each
panel denotes the forecasting value Gs/Gw. Here, εw/2pi = 1.1 GHz,
gs = 0.126 GHz, and the coupling strengths between the weakly-
driven optical mode and the mechanical resonator are (a) gw/2pi =
1.26 MHz, (b) gw/2pi = 12.6 MHz, and (c) gw/2pi = 0.126 GHz. The
other parameters are the same as in Fig. 7.
the mechanical mode, see Fig. 8(c). The phase ratio converges
to a constant value after oscillating over a transient period.
These results show that phase synchronization can be realized
in two chaotic optical oscillators, whereas their amplitudes are
quite different. Moreover, the fixed value here approximately
equals to the ratio of optomechanical strengths Gs/Gw = 1
[red dashed line in Fig. 8(c)], consistent with our theoretical
analysis.
FIG. 9. (Color online) Phase synchronization in setup B: Phase
portraits of (a) the strongly-driven and (b) the weakly-driven op-
tomechanical systems. The largest Lyapunov exponent is positive
in both cases. The parameters here are: Γs/2pi = Γw/2pi = 2.8 MHz,
Ωs/2pi = Ωw/2pi = 0.346 GHz, and k/2pi = 1.29 MHz, while other
parameters are the same as in Fig. 7.
2. Phase synchronization in setup B
In setup B shown in Fig. 2(b), the strongly- and weakly-
driven optomechanical systems are coupled to each other
with a rate k via the mechanical coupling between two me-
chanical oscillators. When k is strong enough, the motion
of the weakly-driven optomechanical component (right-hand
optomechanical resonator) is dominantly controlled by the
strongly-driven optomechanical component (left-hand side
one). Below, we will show, in the strong-coupling, small-
detuning regime, the phases of the strongly- and weakly-
driven cavity modes can be locked at a fixed ratio.
As an example, we take the set of values for parameters in
Fig. 9 for the numerical simulation of the system motion with
12
0 10 20 30
0
20
40
*
s/*
w
0 10 20 30
0
5
10
*
s/*
w
0 10 20 30
Time  t (7s)
0.90
0.95
1
1.05
*
s/*
w
20 30
5.2
5.5
20 30
0.95
1
1.05
20 30
0.99
1
1.01
(c)
(b)
(a)
FIG. 10. (Color online) Phase synchronization in setup B: The ra-
tios of the phases between the strongly- and weakly-driven optome-
chanical systems by varying the mechanical-coupling coefficient k:
(a) k/γs = 10−3, (b) k/γs = 10−2, and (c) k/γs = 103. Here,
gs/2pi = gw/2pi = 0.126 GHz. All the other parameters are the same
as in Fig. 9. The red line denotes the ratio of Gs/Gw.
Eqs. (22) and (23). As shown in Fig. 9(a), the phase portrait
of the strongly-driven cavity mode shows a typical chaotic at-
tractor and its LLE is positive. This chaotic cavity mode drives
the mechanical oscillator, xs, into chaotic motion. Due to the
strong mechanical coupling between xs and xw, the mechani-
cal oscillator xw and subsequently the associated cavity mode
under a weak driving are brought into chaotic motion. The
chaotic motion of the weakly-driven optomechanical part can
be seen in Fig. 9(b). The corresponding LLE is also positive,
as an indicator of chaotic attractor.
To check if phase synchronization can be realized in
setup B, we numerically calculate the time evolution of the un-
wrapped phases of the two cavity modes in the strongly- and
weakly-driven optomechanical systems. Again, with the ana-
lytic signal processing method, we calculate the phases Ψw(t)
and Ψs(t) from the optical signals Re[αw(t)] and Re[αs(t)] by
Eq. (12). Basically, the motion of the weakly-driven optome-
chanical part is determined by two factors: (i) its inherent os-
cillation and (ii) the driving of the strongly-driven optome-
chanical resonator. For the latter factor, the mechanical cou-
pling coefficient k acts as the coupling strength between the
strongly- and weakly-driven components. Here, we focus on
the influence of k on phase synchronization.
Figure 10 shows the temporal evolution of the phase ra-
tio, Ψw(t)/Ψs(t), of two optical cavity modes for different
mechanical-coupling strengths k. As mentioned above, in
phase synchronization, the unwrapped phases of the two
chaotic optical cavity modes should be locked at the value
Gs/Gw, which refers to the coupling strength of the strongly-
driven optomechanical part. To study the influence of the
mechanical coupling on the phase synchronization, we set
Gs/Gw = 1 here. When k is very small (k/γs = 10−3),
see Fig. 10(a), the motion of the weakly-driven optomechan-
ical subsystem is separable from the strongly-driven one. As
a result, its motion is mainly determined by itself. Thus,
the phases of the two cavity modes in two parts are uncor-
related. The phase ratio Ψs(t)/Ψw(t) fluctuates in the range
[5.2, 5.5] as the evolution time increases. As k/γs increases to
10−2, the ratio Ψs(t)/Ψw(t) oscillates around but cannot stay
at the value Gs/Gw = 1 as the evolution time progresses [see
Fig. 10(b)]. In this case, the phase of the weakly-driven op-
tomechanical system is mainly dependent on its own oscilla-
tion and the external driving force. It can be seen in the inset
of Fig. 10(b) that Ψs(t)/Ψw(t) fluctuates in a much smaller
range [0.95, 1.05], compared to the case in Fig. 10(a). When
k/γs = 103, the motion of the weakly-driven cavity mode is
governed by the strongly-driven optomechanical system. It
leads to a perfect phase locking, as shown in Fig. 10(c). Note
that there still exists a small discrepancy between Ψs(t)/Ψw(t)
and Gs/Gw, mainly because the temporal phases of the opti-
cal cavity modes are also effected by its own oscillation. This
phase mismatch decreases as the mechanical coupling coeffi-
cient k increases.
3. Comparison of setups A and B
Both setups A and B can be described as a common con-
figuration in which the strongly-driven optical mode domi-
nates the motion of the weakly-driven optical mode. To re-
alize phase synchronization, setup A requires strong optome-
chanical coupling and weak detuning (the so-called strong-
coupling small-detuning regime). Compared to setup A, the
setup B additionally requires a strong coupling between the
two mechanical resonators.
V. CONCLUSIONS AND DISCUSSIONS
We have studied both complete and phase synchronization
of optical cavity modes mediated by mechanical resonators.
It is found that the complete synchronization of two identi-
cal optical cavity modes in chaotic motion can be obtained.
We also showed the phase synchronization between two non-
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identical optomechanical systems. In both types of chaotic
synchronization, the chaotic displacement of the mechanical
resonators is dominantly governed by the strongly-driven op-
tical mode. The chaotic motion of the mechanical resonators
subsequently pulls the weakly-driven optical cavity modes
into chaotic motion. As a result, the phases of the strongly-
and weakly-driven cavity modes can be synchronized. Our
work provides a method to observe chaotic synchronization
in experimentally-accessible optomechanical systems.
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